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FOREWORD 
The o b j e c t i v e  of t he  Fores t  Sector  P r o j e c t  a t  IIASA i s  t o  study long- 
term development a l t e r n a t i v e s  f o r  t h e  f o r e s t  s e c t o r  on a  g loba l  b a s i s .  The 
emphasis i n  t h e  P r o j e c t  i s  on i s s u e s  of  major re levance  t o  i n d u s t r i a l  and 
governmental po l i cy  makers i n  d i f f e r e n t  reg ions  of t h e  world who a r e  respon- 
s i b l e  f o r  f o r e s t r y  pol icy ,  f o r e s t  i n d u s t r i a l  s t r a t e g y ,  and r e l a t e d  t r a d e  
p o l i c i e s .  
The key elements of s t r u c t u r a l  change i n  t h e  f o r e s t  i ndus t ry  a r e  
r e l a t e d  t o  a  v a r i e t y  of i s s u e s  concerning demand, supply, and i n t e r n a t i o n a l  
t r a d e  of m o d  products .  Such i s s u e s  inc lude  the  development of the  g loba l  
economy and populat ion,  new wood products  and s u b s t i t u t i o n  f o r  wood products ,  
f u t u r e  supply of roundwood and a l t e r n a t i v e  f i b e r  sources ,  technology develop- 
ment f o r  f o r e s t r y  and indus t ry ,  p o l l u t i o n  r egu la t ions ,  c o s t  competi t iveness ,  
t a r i f f s  and non- ta r i f f  t r a d e  b a r r i e r s ,  e t c .  The aim of t h e  P r o j e c t  i s  t o  
analyze t h e  consequences of f u t u r e  expec ta t ions  and assumptions concerning 
such subs t an t ive  i s s u e s .  
The r e sea rch  program of t h e  P ro j ec t  inc ludes  an aggregated a n a l y s i s  of 
long-term development of i n t e r n a t i o n a l  t r a d e  i n  wood prodv-cts , and thereby 
ana lys i s  of t h e  development of wood resources ,  f  o res ' t  i n d u s t r i a l  product ion 
and demand i n  d i f f e r e n t  world reg ions .  The o the r  main r e sea rch  a c t i v i t y  i s  
a  d e t a i l e d  a n a l y s i s  of t he  f o r e s t  s ec to r  i n  i n d u s t r i a l  c o u n t r i e s .  Research 
on these  mutual ly suppor t ing  top ic s  i s  c a r r i e d  out  s imultaneously i n  co l labora-  
t i o n  between IIASA and t h e  co l l abo ra t ing  i n s t i t u t i o n s  of t h e  P r o j e c t .  
This paper i s  a  s p e c i f i c  s tudy of t h e  F innish  f o r e s t  s e c t o r .  I t s  goal  
i s  t o  ana lyze  one of t he  main c o s t  f a c t o r s ,  t h e  wood c o s t ,  and t h e  e f f e c t  of 
t h i s  i n t e r n a l l y  pr iced f a c t o r  on the  competi t iveness  of t h e  F innish  f o r e s t  
i ndus t ry .  
Mar kku Kal 1 i o  
P ro j ec t  Leader 
Fores t  Sector  P r o j e c t  
ABSTRACT 
D u r i n g  t h e  r e c e n t  yea r s  t h e  t o t a l  c o s t  of round wood f o r  t h e  Finnish f o r e s t  
industry has been  in t h e  o rde r  of US$ 1.5 billion annually. The  s h a r e  of s tumpage  
p r i c e  r ep resen t s  roughly o n e  half whereas  harvest ing,  t r anspor t a t ion  etc accoun t  
f o r  t h e  res t .  T h e  purpose of t h i s  s tudy i s  t o  inves t iga te  long t e r m  equilibrium 
pr ices  fo r  wood (and the reby  t o t a l  round wood cos ts )  under  various condit ions of 
world m a r k e t  of wood products. 
In t h e  f i r s t  p a r t  of t h i s  paper  a (d i sc re t e  t i m e )  dynamic  l inear  model  fo r  t h e  
f o r e s t  s e c t o r  is discussed. T h e  s t e a d y  state version of i t  is ana lyzed  in m o r e  
d e t a i l .  An appl ica t ion  of t h e  s t eady  state fo re s t ry  model  is ca r r i ed  o u t  for  t h e  
F i n n i s h  forests .  As a resu l t ,  a l t e r n a t i v e  sustained yield solut ions fo r  t h e  Finnish 
f o r e s t s  a r e  obtained.  
In t h e  ana lys is  of t h e  second pa r t ,  a s t eady  state sec to r i a l  model  is adopted  t o  
c a r r y  o u t  a Stacke lbe rg  equil ibrium analysis for  t h e  round wood market .  Fu r the r  
e l a b o r a t i o n  appea red  necessary  unti l  t h e  s t eady  state model  b e c a m e  su i tab le  for  
t h i s  g a m e  t h e o r e t i c  analysis. This  e labora t ion  involves defini t ions of ob jec t ive  
f u n c t i o n s  of t h e  key pa r t i e s  ( t h e  fo re s t ry  and t h e  industry) in t h e  f o r e s t  s e c t o r  
g a m e .  A demand  funct ion  of c o n s t a n t  p r i ce  e l a s t i c i t y  i s  adopted  f o r  wood pro- 
ducts .  
Table of Contents 
1 Introduction 1 
2 A Dynamic Linear Model f o r  t h e  Fores t ry  and Wood Processing Industry 2 
2.1 Fores t ry  2 
2.2 Wood Processing Industry 3 
3 Sustained Yield in Fores t ry  
3.1 The  Steady S t a t e  Formulation 
3.2 Application t o  t h e  Finnish Fores t ry  
4 A Steady S t a t e  Model of t h e  Fores t  Industries 13 
5 A Steady S t a t e  Model of t h e  Fores t  S e c t o r  15 
6 A Stackelberg  G a m e  
6.1 The  Pro f i t  Functions 
6.2 Demand Functions and Opt ima l  P r i ces  for  Wood Produc t s  
6.3 T h e  Pro f i t  Maximization Problem for  Fores t ry  
7 Equilibrium Solutions for  Finland 
7.1 The  Single P roduc t  - Single Timber  Assor tment  Case  
7.2 The  Seven Products  - Two Timber  Assor tments  Case  
8 Summary and Conclusions 2 8 
APPENDIX 1. 30 
APPENDIX 2. 3 1 
REFERENCES 33 
STEADY STATE ANALYSIS O F  THE FINNISH FOREST SECTOR 
Markku Kall io and  Marga re t a  Soismaa 
1 Introduction 
D u r i n g  t h e  l a s t  f e w  y e a r s  a growing r e sea rch  e f f o r t  has  been  d i r ec t ed  towards  
( r enewab le )  na tu ra l  resources.  Since t h e  prosperi ty of many nat ions i s  dependent  
o n  a sensible explo i ta t ion  of t h e s e  resources  t h e  s igni f icance  of s tudies deal ing 
w i t h  s u c h  problems becomes  g rea t .  For  t h e  Finnish economy f o r e s t s  r ep resen t  
t h e  mos t  impor t an t  na t ional  resource.  Not  only as such  but  because  a n  e n t i r e  
l i n e  of production ranging f r o m  pulp and sawn goods t o  paper,  fu rn i tu re  and  
prefabr ica ted  houses, i s  based  on wood no t  t o  mention industry producing machi-  
nery for fo re s t ry  and wood processing. This  also emphas i zes  t h e  impor t ance  of t h e  
fores t  s ec to r ,  which includes bo th  fo re s t ry  and f o r e s t  based  industries, f o r  emplo- 
ymen t  and foreign t rade .  
In the past  t h e  t o t a l  c o s t  of round wood f o r  t h e  Finnish f o r e s t  industry has  been  
of t h e  order  of US$ 1.5 billion annually. T h e  s h a r e  of s tumpage  pr ice  r ep resen t s  
roughly o n e  half whereas  harvest ing,  t ranspor ta t ion ,  etc accoun t  fo r  t h e  res t .  
T h e  purpose  of th is  s tudy i s  t o  inves t iga te  long range  equilibrium pr ices  f o r  
wood  ( and  the reby  t o t a l  round wood cos t )  under various condit ions f o r  world 
m a r k e t  of wood products. 
In Section 2 w e  will  present  a dynamic  l inear  model  fo r  t h e  e n t i r e  f o r e s t  sec tor .  
In S e c t i o n  3 w e  t a k e  fo re s t ry  sepa ra t e ly  and  d e t e r m i n e  t h e  op t ima l  harves t ing  
p o l i c i e s  in a s t e a d y  state. Sect ion  4 dea l s  wi th  a s t eady  state model  for  t h e  
forest industries. In Sec t ion  5 w e  combine  t h e s e  t w o  p a r t s  and  f o r m u l a t e  a s t e a d y  
state model  f o r  t h e  f o r e s t  sector .  In Sec t ion  6 w e  supplement  t h e  model  of 
S e c t i o n  5 t o  m a k e  i t  applicable fo r  solving t h e  long r ange  equil ibrium wood 
p r i c e s  as solut ion t o  a Stacke lbe rg  game.  In Sec t ion  7 w e  present  numer i ca l  
results f r o m  e x p e r i m e n t s  with Finnish da ta .  Finally, Sec t ion  8 s t ands  for  summary  
and conclusions. 
2 A Dynamic Linear Model for the Forestry and Wood Processing Industry 
We s h a l l  cons ide r  f i r s t  t h e  in t eg ra t ed  and dynamic  sys t em of wood supply and 
w o o d  processing;  i e  fo re s t ry  and  f o r e s t  industry. T h e  model  has  been  adop ted  
from Kallio, Propoi, a n d  Seppala  121. T h e  discussion begins with t h e  fo re s t ry  p a r t  
d e s c r i b i n g  t h e  growth  of t h e  f o r e s t  given harvest ing and plant ing ac t iv i t ies ,  as 
w e l l  as land avai labi l i ty ove r  t ime.  T h e  wood processing p a r t  cons is t s  of a n  
input  -output  model  describing t h e  production process as well as of product ion  
capaci ty  and f inancia l  r e source  considerat ions.  Each p a r t  i s  a d i s c r e t e  t i m e  l inear  
model  describing i t s  ob jec t  ove r  a chosen  t i m e  interval .  
2.1 Fores t ry  
L e t  w ( t )  b e  a v e c t o r  de t e rmin ig  t h e  number  of various t r e e  spec ies  (say pine, 
s p r u c e  a n d  birch)  in d i f f e ren t  a g e  ca t egor i e s  at t h e  beginning of t i m e  period t. 
We d e f i n e  a squa re  t rans i t ion  (growth) m a t r i x  Q s o  t h a t  Qw(t)  i s  t h e  number  of 
t r e e s  at  t h e  beginning of period t + l  given t h a t  nothing i s  harves ted  o r  planted. 
Thus ,  m a t r i x  Q descr ibes  aging and na tu ra l  d e a t h  of t h e  t rees.  L e t  p(t) a n d  h(t)  
b e  v e c t o r s  for  levels  of d i f f e ren t  kinds of plant ing and harves t ing  ac t iv i t ies ,  
r e spec t ive ly  (eg plant ing of d i f f e r e n t  species,  t e rmina l  harvest ing,  thinning, e t c ) ,  
and  l e t  t h e  m a t r i c e s  P and  H be def ined  s o  t h a t  Pp( t )  a n d  -Hh(t) a r e  t h e  incre-  
men ta l  i nc rease  in t h e  t r e e  quant in ty  caused  by t h e  plant ing and harves t ing  ac t iv i -  
t i e s .  Then, fo r  t h e  state v e c t o r  w( t )  of  t h e  number  of t r e e s  in d i f f e ren t  a g e  
ca t egor i e s  w e  have  t h e  following equation:  
Planting is r e s t r i c t ed  through land  availability. We may f o r m u l a t e  t h e  land cons t -  
r a i n t  s o  t h a t  t h e  t o t a l  s t e m  volume of t r e e s  in f o r e s t s  c a n n o t  e x c e e d  a given 
v o l u m e  L( t )  during t. Thus, if W i s  a v e c t o r  of s t e m  volume per  t r e e  f o r  d i f fe -  
r e n t  s p e c i e s  in various a g e  groups, t h e n  t h e  land avai labi l i ty res t r ic t ion  may be  
s t a t e d  as 
G i v e n  t h e  leve l  of harves t ing  ac t iv i ty  h(t), t h e r e  i s  a minimum requi rement  f o r  
t h e  plant ing ac t iv i ty  p(t)  ( requi red  by t h e  law, f o r  ins tance)  as follows: 
where  N is  t h e  ma t r ix  t ransforming t h e  leve l  of harves t ing  ac t iv i t i e s  t o  plant ing 
requi rements .  
In t h i s  s imple  formula t ion  w e  shal l  l eave  o u t  o t h e r  res t r ic t ions ,  such  as harves-  
t i ng  labor  and  capaci ty .  Finally, t h e  wood supply y(t), given t h e  leve l  of harves-  
t ing  ac t iv i t i e s  h(t), is  given f o r  period t as 
I 
H e r e  t h e  ma t r ix  S = (Sij) t r ans fo rms  a t r e e  of a c e r t a i n  spec ie s  and  a g e  combi-  i 
nat ion  j i n t o  a volume of t ype  i of t imber  a s s o r t m e n t  ( eg  pine log, s p r u c e  pulp- ~ 
wood, etch I 
2.2 Wood Processing Industry 
F o r  t h e  industr ial  s ide,  l e t  x( t )  be  t h e  vec to r  of production ac t iv i t i e s  f o r  period 
t (such as t h e  production of sawn goods, panels, pulp, paper ,  a n d  conve r t ed  wood 
products),  and  l e t  U' be  t h e  ma t r ix  of wood usage  per uni t  of production ac t iv i -  
ty. The wood demand  f o r  period t is  t hen  given by U1x(t). I t  c a n n o t  e x c e e d  wood 
supply y(t): 
Note  t h a t  t h e  m a t r i x  U' may a l so  have  negat ive  e lements .  F o r  ins tance ,  sawmill  
ac t iv i ty  consumes  logs bu t  produces pulpwood as a residual. 
Let  A be an  input-output ma t r ix  s o  t h a t  (I - A)x(t) i s  t h e  v e c t o r  of n e t  producti-  
on. If D(t) i s  t h e  corresponding (maximum) e x t e r n a l  demand,  w e  requi re  
Product ion  i s  r e s t r i c t e d  by t h e  capac i ty  c ( t )  available: 
T h e  v e c t o r  c ( t )  in t u r n  has  t o  sa t i s fy  t h e  s t a t e  equat ion  
w h e r e  g is a diagonal  ma t r ix  account ing  f o r  (physical) deprec ia t ion  and v(t) i s  
t h e  i n c r e m e n t  f r o m  inves tmen t s  during period t. T h e  vec to r  v(t) of i nves tmen t  
a c t i v i t i e s  i s  r e s t r i c t ed  through f inancia l  considerat ions.  To spec i fy  this,  l e t  m(t) 
b e  t h e  state var iable  for  cash  at t h e  beginning of period t. L e t  G(t)  be  t h e  
vec tor  of sa les  revenue  less  d i r ec t  production c o s t s  pe r  unit  of production inclu- 
ding, fo r  ins tance ,  wood, energy,  and  d i r ec t  labor costs.  L e t  F ( t )  b e  t h e  vec to r  of 
m o n e t a r y  f ixed c o s t s  pe r  unit  of capac i ty ,  l e t  I(t) b e  t h e  a m o u n t  of e x t e r n a l  
f inancing  employed by t h e  industry at t h e  beginning of period t, l e t  s b e  t h e  
i n t e r e s t  r a t e  f o r  e x t e r n a l  f inancing per  period, l e t  I+(t) b e  new loans t aken  du- 
ring period t, l e t  I-(t) b e  loan  r epaymen t s  during t, and  l e t  E(t)  b e  t h e  vec to r  of 
cash expend i tu re  per  uni t  of i nc rease  in t h e  production capac i ty .  Then, t h e  state 
equat ion  fo r  cash  may be  wr i t t en  as 
Final ly,  for  t h e  industr ial  model, w e  may wr i t e  t h e  state equat ion  fo r  e x t e r n a l  
f inancing as follows: 
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F i g u r e  I p r e s e n t s  t h e  s t r u c t u r e  of t h e  cons t r a in t  ma t r ix  of t h e  f o r e s t  s e c t o r  
model  fo r  period t. 
3 Sustained Yield in Forestry 
In t h e  previous sec t ion  we  presented  a dynamic  l inear  programming model  encom- 
pass ing  both  fo re s t ry  and  f o r e s t  based  industries. In t h i s  s ec t ion  we  focus  our 
a t t e n t i o n  solely on  fores t ry .  W e  presen t  fo re s t ry  in a s t eady  state by assuming 
tha t  o n e  period fol lows ano the r  o n e  without  changes. We shal l  inves t iga te  a l t e rna -  
t i v e  sus ta ined  a n d  e f f i c i en t  t imber  yields in various t imber  assor tments .  We a lso  
p re sen t  a n  appl ica t ion  to t h e  Finnish fores t ry .  
3.1 The  S teady  S t a t e  Formula t ion  
In Sec t ion  2.1 w e  presented  a genera l  dynamic  formula t ion  for  forestry.  In th is  
s ec t ion  w e  dea l  with a s t eady  state case of th is  model. 
We consider  a f o r e s t  land with a single t r e e  spec ies  and  with uniform soil, c l ima-  
te, etc conditions. W e  assign t h e  t r e e s  t o  a g e  groups a, f o r  a = 1, 2, ..., N. L e t  d 
b e  a t i m e  in terva l ;  e g  5 years. A t r e e  belongs t o  a g e  group a if i t s  a g e  i s  in 
t h e  i n t e r v a l  [ ( a - l )d ,  ad )  f o r  a l l  a < N. T r e e s  which have  an  a g e  of at l e a s t  
(N-l)d belong t o  a g e  group N. We consider  a d i sc re t e  t i m e  s t eady  s t a t e  formula-  
tion of t h e  fo re s t ,  w h e r e  e a c h  t i m e  period i s  also a n  in terva l  of d. L e t  p be  t h e  
n u m b e r  of t r e e s  en te r ing  t h e  f i r s t  a g e  group during e a c h  period ( e g  through 
p l a n t i n g  o r  na tu ra l  regenerat ion),  a n d  l e t  w(a) b e  t h e  number  of t r e e s  in a g e  
g r o u p  a at t h e  beginning of e a c h  t i m e  period, f o r  I 5 a - < N (cf (2.1)). L e t  
h(a) b e  t h e  number  of t r e e s  harves ted  during e a c h  period f r o m  a g e  group a. In 
t h i s  case, w e  as sume  t h a t  t h e  harves t ing  ac t iv i t i e s  equal  t h e  number of t r e e s  
harvested f r o m  e a c h  a g e  group during e a c h  period. We d e n o t e  by Qa t h e  r a t i o  of 
t r e e s  p roceed ing  f r o m  a g e  group a t o  group a + l  in o n e  period given t h a t  no  
harvesting occurs.  Without loss of gene ra l i t y  w e  a s sume  0 5 Qa 5 1, f o r  a l l  a. 
F a c t o r s  (1-Qa) a c c o u n t  fo r  n a t u r a l  d e a t h  of t r ee s ,  f o r e s t  f i res ,  etc as wel l  as 
f o r  t h i n n i n g  of f o r e s t s  in a g e  group a. T h e  state equa t ions  f o r  f o r e s t r y  in a 
s t e a d y  state may t h e n  b e  w r i t t e n  as fol lows (cf (2.1)): 
w h e r e  w e  de f ine  w(N+l)  = 0. 
The land cons t r a in t  p r even t s  excess ive  plant ing (cf (2.2)). L e t  Wa be  t h e  a m o u n t  
of  l a n d  consumed by e a c h  t r e e  in a g e  group a, 1 5 a 5 N, and  l e t  L be  t h e  
total  a m o u n t  of land ava i l ab l e  in t h e  fores t s .  Al te rna t ive ly ,  t h e  s p a c e  l imi ta t ions  
may b e  t a k e n  i n t o  a c c o u n t  denot ing  by Wa t h e  volume of wood per  t r e e  in a g e  
g r o u p  a a n d  by L t h e  t o t a l  possible  volume of wood in t h e  forests .  In e i t h e r  
case t h e  land  cons t r a in t  i s  g iven  as 
As a pe r fo rmance  index f o r  fo re s t ry  w e  consider  t h e  physical  wood supply. (Expe- 
r i e n c e  shows t h a t  when w e  max imize  t h e  physical  wood supply w e  usually g e t  a 
policy which a l so  m e e t s  o t h e r  i m p o r t a n t  requi rements ,  such  as preserv ing  t h e  
w a t e r s h e d . )  T h e  t i m b e r  a s s o r t m e n t s  vary  in va lue  (eg  log, pulpwood, fue l  wood). 
L e t  j I ,  2, ...I r e f e r  t o  d i f f e r e n t  t i m b e r  assor tments .  Accordingly, l e t  eaj b e  
t h e  y i e l d  (in m3/ t ree)  of t i m b e r  a s s o r t m e n t  j when a t r e e  in a g e  group a is  
h a r v e s t e d ,  and  l e t  gaj b e  t h e  yield per  t r e e  in a g e  group a resu l t ing  f r o m  thin-  
- ning act ivi t ies .  As  s t a t e d  ea r l i e r ,  our  ob j ec t ive  i s  to find a n  e f f i c i en t  t i m b e r  yield 
u s i n g  t h e  yields of t i m b e r  a s s o r t m e n t s  as cr i te r ia .  L e t  ea a n d  ga be  convex 
c o m b i n a t i o n s  (weighted  sums) of t h e  coe f f i c i en t s  eaj a n d  gaj, respec t ive ly .  The  
object ive i s  t o  max imize  t h e  weighted  sum of t h e  yields of var ious  t imber  a s so r t -  
m e n t s  and  i t  i s  given as 
T h e  weights  t o  be  used may b e  proport ional  t o  t h e  m a r k e t  pr ices  of t h e  t imber  
a s so r tmen t s .  Also o t h e r  we igh t s  may  b e  cons idered  f o r  s tudying  e f f i c i en t  yields 
(see Section 3.2 below). The  fo re s t ry  problem, deno ted  by (F), i s  t o  find nonnega- 
tive scalars h(a) and  w(a), f o r  e a c h  a, which maximize  (3.4) sub jec t  t o  (3.1)-(3.3). 
The following r e su l t  is  used t o  der ive  a n  op t ima l  solut ion t o  th i s  l inear  program: 
Propos i t ion:  Fo r  a n  op t ima l  solution of t h e  fo re s t ry  problem (F) t h e r e  is  an  a g e  
group A such  t h a t  h(a) = 0, f o r  al l  a 1 A, a n d  w(a) = 0, fo r  a l l  a > A. 
Thus in t he  o p t i m a l  harves t ing  schedule,  a l l  t r e e s  a r e  harves ted ,  c l e a r c u t  (besides 
th inning  ac t iv i t i e s )  if a n d  only if t hey  r e a c h  a g e  group A. Therefore ,  t h e r e  a r e  
n o  t r e e s  in a g e  groups higher t h a n  A. Problem (F) may t h e n  be  solved, for  
i n s t a n c e ,  checking  a l l  a l t e r n a t i v e  harves t ing  policies of t h i s  type. - For a proof 
of t h e  Proposi t ion,  see Appendix I. 
\ 
We cons ide r  now a par t icu lar  policy a = A w h e r e  t r e e s  a r e  harves ted  in an a g e  
group A. Then, according  to (3.2), 
fo r  a 5 A 
I O fo r  a > A. 
For  t h e  corresponding leve l  of plant ing p~ t h e  land cons t r a in t  (3.3) yields: 
A 
The  number of t r e e s  harves ted ,  when policy A i s  applied, i s  given as 
The e f f i c i en t  yield of t imber  a s so r tmen t  j f rom c l ea rcu t t i ng  when policy A i s  
applied. is  given as 
As for  cut t ing and thinning, t h e  ef f ic ient  yield of t imber  assor tment  j under 
policy A is 
A 
3.2 Application t o  t h e  Finnish Fores t ry  
W e  will now apply this  approach t o  t h e  fores t ry  in Finland. Le t  t h e  a g e  group 
i n t e r v a l  d be 5 yea r s  and N = 21 (so t h a t  t h e  o ldes t  group includes t r e e s  of a t  
least 100 yea rs  old). W e  consider two  t imber  assortments:  pulpwood ( j = l )  and log 
(j=2). 
T a b l e  1 gives es t ima tes  for  t h e  transit ion probabilities Qa, t h e  average  volume 
of pulpwood and log per t r e e  in age  group a eal and  ea2, respectively,  as well 
a s  t h e  to ta l  volume Wa. W e  assume t h a t  al l  losses indicated by t h e  Qa coeffi-  
c i e n t s  f o r  age  groups less than 20 a r e  due t o  thinning. Based on this, t h e  yield 
coeff ic ients  gaj can be given as 
for 4 - < a < 20. W e  assume gaj = 0 for each  j, for  a 2 20. The land const ra in t  
(3.3) requires  tha t  t h e  t o t a l  volume of log and pulpwood cannot exceed a n  
a m o u n t  of L=1700 million m3, which is  around t en  percent  above t h e  ac tua l  
c u r r e n t  level in Finland. According t o  t h e  transit ion coefficients,  5.6 t r e e s  have  
t o  b e  planted f o r  each  grown t r e e  harvested when policies A = 14, 15, ..., 21 
a r e  applied. This number i s  roughly what is  enforced by t h e  Finnish law today. 
F i g u r e  2 shows t h e  annual yield of log and pulpwood when harvesting policies A 
= 12,  13,  ..., 21 a r e  applied. W e  may no te  t h a t  a l ternat ives  A = 17, 18, ..., 21 
a r e  domina ted  by o the r  al ternatives;  i e  t h e r e  i s  another  a l ternat ive  whose yield 
i s  b e t t e r  for  both of t h e  two  t imber  assortments.  The opt imal  a l t e rna t ive  de- 
pends on the weighting of log and pulpwood. If t h e  weight for  log is  at l eas t  150 
p e r c e n t  larger  than t h a t  fo r  pulpwood, then A = 16 i s  optimal;  i e  a t r e e  g e t s  
h a r v e s t e d  when i t  grows 75 t o  80 yea rs  old. If this percentage is  100 (which 
roughly  corresponds  t o  t h e  c u r r e n t  pr ice  leve ls  of log and pulpwood in Finland) 
then t h e  a l t e rna t ives  A = 14 and  A = 1 5  a r e  abou t  equally good; i e  t r e e s  in t h e  
age interval 65  t o  75  should be  harvested.  When t h e  weight  for  log drops t o  only 
75 p e r c e n t  above  t h a t  fo r  pulpwood, t h e  harves t ing  a g e  f a l l s  t o  60  t o  65  years. 
Tab le  I. Transi t ion coe f f i c i en t s  Qa, vo lume  Wa, pulpwood yield e a l  and  g a l ,  
and  log yield ea2. Yield ga2 equals  .O fo r  a l l  a g e  groups e x c e p t  
fo r  a = 1 3  fo r  which ga2 = .003 (Volumes in m3/ t ree)  
T h e  yield a long t h e  l ine  segmen t  be tween  t h e  co rne r  points  in F igu re  2 may be 
o b t a i n e d  when t w o  policies a r e  combined. Logs may a lso  be used as pulpwood. 
This has been  i l lus t ra ted  f o r  A = 21 by points along t h e  broken l ine  of F igure  2. 
N o t e  t h a t  e a c h  such  point is inferior  t o  t h e  e f f i c i e n t  f ront ie r ,  and  t h e  s a m e  i s  
t rue  f o r  any o t h e r  policy a l t e rna t ive  A. Thus, in t h e  s t a t iona ry  state logs should 
not b e  used as pulpwood regardless  of t h e  pr ice  r a t i o  of log and pulpwood. (In a 
t rans i t ion  period th i s  of cou r se  may not  hold.) 
F igure  2. Al te rna t ive  yield of log and pulpwood. 
Yield of pulpwood 
(mill. m3lyear) , 
0 2 5 50 
Yield of log (mill. m3/year) 
T a b l e  2 summar izes  t h e  a l t e rna t ives  A = 12, 13, ..., 16. I t  shows, f o r  e a c h  
policy a l t e rna t ive  A, t h e  yields of log and  pulpwood sepa ra t e ly  f r o m  t h e  harves-  
ting and t h e  thinning ac t iv i t i e s  when t h e  t o t a l  volume L of f o r e s t s  is assumed t o  
be 1700 mill. m3. Also t h e  number  of t r e e s  t o  be ha rves t ed  and  p lanted  annually 
i s  shown in Tab le  2. 
T h e  a g e  distr ibut ion of t r e e s  resul t ing f rom policy a l t e rna t ives  A = 13, ..., 16 
h a s  b e e n  i l l u s t a r t ed  in F igure  3. F o r  comparison,  t h e  e s t i m a t e d  a g e  distr ibut ion 
in  1 9 7 6  a d j u s t e d  t o  t h e  s a m e  t o t a l  volume of f o r e s t s  has  been shown in Figure  
3. In Figure 4 w e  have presented t h e  distribution of t h e  volume of t r ees  in 
different age groups for policies A=13, 14, 15, and 16. The es t imated distribution 
of the  volume f o r  t h e  year 1976 has also been presented. 
Table 2. Yield by t imber  assortments,  t r ees  harvested and t rees  planted 
for  harvesting policies A = 12, ..., 16. 
Harvesting policy A 12 13 14 15 16 
Log yield, mill. m3/a 
Harvesting 0 24.1 35.0 39.8 43.9 
Thinning 0 3.7 2.7 2.3 2.0 
Total  0 27.8 37.7 42.1 45.9 
Pulpwood yield, mill. m3/a 
Harvesting 76.2 39.5 26.5 19.7 13.0 
Thinning 22.7 24.0 19.7 16.3 13.6 
Total  98.9 63.5 46.2 36.0 26.6 
Total  yield, mill. m3/a 
Harvesting, mill. t r ees la  
Planting, mill. t r ees /a  
Figure 3. Age distribution of t r ees  for policies A = 13, ..., and comparison 
with t h e  situation in 1976. 
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Figure  4. T h e  volume distr ibut ion of t r e e s  in a g e  groups for  policies 
A = 13, 14, 15, and 16  as compared  t o  t h e  s i tua t ion  of 1976. 
Trees in age group 
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4 A Steady State Model of the Forest Industries 
In this sec t ion  w e  shal l  cons ider  t h e  wood processing pa r t  of t h e  model  of Sec t ion  
2 in a s t eady  state. 
Suppressing t h e  t i m e  index t in t h e  industr ial  p a r t  of t h e  model: equat ion  (2.5) 
yields 
i e  indus t r ia l  usage  of wood U'x c a n n o t  e x c e e d  wood supply y. 
E q u a t i o n  (2.6) requi res  t h a t  n e t  product ion  (I - A)x supplied t o  t h e  e x t e r n a l  
m a r k e t  c a n n o t  e x c e e d  d e m a n d  D: 
A s  in t h e  dynamic  version (2.7), g ros s  product ion is  l im i t ed  by c a p a c i t y  c 
T h e  state equa t ion  (2.8) f o r  c a p a c i t y  yields 
i e  i n v e s t m e n t s  v equa l  (physical)  dep rec i a t i on  gc. T h e  state equa t ion  (2.10) f o r  
e x t e r n a l  f inanc ing  i s  r e w r i t t e n  as 
in o t h e r  words, t h e  l eve l  of e x t e r n a l  f inancing r ema ins  c o n s t a n t  in t h e  s t e a d y  
state formulat ion.  
T a k i n g  i n t o  a c c o u n t  (4.4) a n d  (4.5) t h e  modi f ica t ion  of (2.9) r e su l t s  in t h e  follo- 
wing fo rmula t ion  
E q u a t i o n  (4.6) states t h a t  t h e  n e t  i ncome  f r o m  sa l e s  equals  t h e  expend i tu re s  
caused by c a p a c i t y  (f ixed c o s t s  and  deprec ia t ion)  plus e x t e r n a l  f inanc ing  ( i n t e r e s t  
payments) .  Al te rna t ive ly  w e  may r e p l a c e  equal i ty  in (4.6) by a n  inequality. T h e  
s l ack  c a n  t h e n  b e  i n t e r p r e t e d  as a c o n s t a n t  f low o u t  f r o m  t h e  f o r e s t  sec tor .  
I t  i s  obvious t h a t  in t h e  op t ima l  solut ion (4.3) holds as a n  equal i ty:  
We def ine  a v e c t o r  d f o r  t h e  ex te rna l  demand  which equals  n e t  production. Sol- 
ving x f rom this,  yields 
In summary, f o r  t h e  s t e a d y  state solut ion w e  have  t o  f ind  d which sa t i s f ies  (4.8), 
a n d  
5 A Steady State Model of the Forest Sector 
A b o v e  w e  have  presented  t w o  s t eady  state models  one, f o r  fo re s t ry  and  ano the r  
for wood processing industries. In t h i s  s e c t i o n .  w e  sha l l  m e r g e  t h e s e  t w o  p a r t s  t o  
ob ta in  a s t eady  state model  fo r  t h e  e n t i r e  f o r e s t  sec tor .  
Efficient yields of pulpwood and log a r e  shown by F igu re  2, in which t h e  feas ib le  
region of yields c a n  b e  defined by a set of l inear  inequalities: 
w h e r e  y i s  a v e c t o r  of m componen t s  signifying t h e  d i f f e r e n t  t imber  assort-  
m e n t s ,  R i s  a m a t r i x  and s a vector .  F o r  t h e  two-dimensional case of F igure  2, 
t h e  components  of R and s c a n  be obtained immedia te ly .  
Thus, f o r  U'x, t h e  indus t r ia l  use  of wood, w e  requi re  
R U ' x  5 s , 
T h e  s t eady  state solut ion d fo r  t h e  e n t i r e  s e c t o r  i s  t hen  o n e  which sa t i s f i e s  
(4.9), (4.10) and  (5.1). 
So far we  have  n o t  included i n t o  t h e  model  any objec t ive  functions. For  fo re s t ry  
w e  might  choose  t o  maximize  s tumpage  earnings;  ie  t h e  income f rom sel l ing 
w o o d  t o  industry less  t h e  production c o s t s  for  t h a t  wood ( eg  harves t ing  and  
transportat ion costs).  As for  industry, indus t r ia l  prof i t ,  t h e  lef t-hand s ide  of equa-  
t i o n  (4.9) o f f e r s  o n e  possible objec t ive  funct ion  t o  be maximized.  The  sum of 
t h e s e  t w o  could c o n s t i t u t e  a joint objec t ive  funct ion  ( t h e  joint profi t )  fo r  t h e  
e n t i r e  f o r e s t  s ec to r .  We shal l  discuss t h i s  subjec t  f u r t h e r  in Sec t ion  6.1. 
6 A Stackelberg Game 
In t h i s  s e c t i o n  we  sha l l  discuss a spec i f ica t ion  of t h e  s teady s t a t e  model  t o  be 
a p p l i e d  fo r  t imber  m a r k e t  analysis. The  model  will be augmen ted  with ob jec t ive  
f u n c t i o n s  both fo r  fores t ry  and  wood processing industry. Fu r the rmore ,  t h e  de-  
m a n d  f o r  f inal  products  is r ep resen ted  by a demand  funct ion  of c o n s t a n t  p r i ce  
e las t ic i ty .  The  round wood m a r k e t  i s  v iewed as a Stacke lbe rg  game.  
I t  i s  a p p a r e n t  t h a t  t h e  g a m e  s i tua t ion  in t h e  f o r e s t  s e c t o r  involves t w o  part ies:  
forestry and f o r e s t  industry. So  f a r  th is  b ipar t i t ion  has been  revealed  by s e p a r a t e  
models  fo r  e a c h  party.  These  models  a r e  i n t e rconnec ted  through t h e  a m o u n t  of 
r o u n d  wood supplied by fo re s t ry  t o  t h e  industry and through t h e  prices of round 
wood. 
T h e  m a r k e t  mechanism which de t e rmines  (round) wood pr ices  may be descr ibed  
as follows: Given t h e  pr ices  and  t h e  avai labi l i ty of d i f f e r e n t  t imber  a s s o r t m e n t s  
( a t  t hese  prices)  t h e  industry chooses  t h e  quant i ty  i t  will  buy by maximizing i t s  
profit; t h e  problem fo r  fo re s t ry  i s  t o  choose  prices t o  maximize  i t s  prof i t  (given 
t h e  resul t ing wood demand  f o r  t h a t  price).  
The decision process  descr ibed  above  is ca l led  a S tacke lbe rg  g a m e  141. The  pa r ty  
m a k i n g  t h e  f i r s t  decision (on  prices)  i s  ca l led  t h e  l eade r  of t h e  g a m e  and t h e  
o t h e r  party t h e  follower. In our applicat ion,  fo re s t ry  acts a s  t h e  l eade r  and t h e  
i n d u s t r y  as t h e  follower. We as sume  t h a t  both t h e  l eade r  and t h e  fol lower a r e  
p r o f i t  max imize r s  and t h a t  t hey  both have  p e r f e c t  informat ion  on t h e  g a m e  (eg  
on prof i t  funct ions,  supply and demand). 
The compexi ty  of t h e  g a m e  a r i s e s  f r o m  t h e  f a c t  t h a t  t h e  p ro f i t s  of both par t ies  
depend on r a w  wood prices. T h e  revenues  of fo re s t ry  i s  de t e rmined  by t h e  p r i ce  
o f  wood  a n d  t h e  quant i ty  sold. In addit ion,  t h e  production c o s t  f o r  wood (eg  
h a r v e s t i n g  and t r anspor t a t ion  cos ts )  inf luence  t h e  prof i t  of fores t ry .  F o r  t h e  in- 
dus t ry ,  t h e  pr ice  of wood inf luences  t h e  c o s t  of production. T h e  sa l e s  p r i ce  of a n  
indus t r ia l  product  influences i t s  demand.  
At the  solut ion of t h e  game ,  i e  at t h e  S tacke lbe rg  equilibrium, pr ices  fo r  t i m b e r  
a s s o r t m e n t s  a r e  at a l eve l  which max imizes  forestry 's  prof i t  t ak ing  i n t o  accoun t  
t h e  e f f e c t  of t h i s  p r i ce  l eve l  on  wood demand.  
6.1 T h e  P r o f i t  Funct ions  
In o rde r  t o  so lve  t h e  (Stackelberg)  equil ibrium pr ices  w e  shal l  append t o  t h e  
s t eady  state model  of Sec t ion  5 pro f i t  funct ions  f o r  both  parties. 
Let  p = (pi) b e  t h e  v e c t o r  of uni t  pr ices  fo r  industr ial  products  i on t h e  in terna-  
t i o n a l  m a r k e t ,  l e t  v e c t o r  c = (ci) s t and  f o r  t h e  c o s t s  of o n e  uni t  of production 
inc lud ing  labor,  energy  and. f ixed  cos ts ,  deprec ia t ion ,  and  r ea l  i n t e r e s t  on t o t a l  
invested cap i t a l  bu t  excluding wood cost .  L e t  z b e  t h e  v e c t o r  of wood pr ices  fo r  
t h e  d i f f e ren t  t i m b e r  assor tments .  D e n o t e  
as t h e  v e c t o r  of t imber  a s so r tmen t s  required f o r  one  uni t  of ( industr ial)  producti-  
on. Industr ial  profi t ,  deno ted  by PI, i s  given by 
w h e r e  v e c t o r  d s tands  f o r  t h e  volume of export .  
A s  f o r  fo re s t ry ,  d e n o t e  by e t h e  uni t  production cos t  fo r  wood. Fo res t ry  profi t ,  
deno ted  by PF, i s  given by 
w h e r e  y i s  t h e  quan t i t y  of wood sold t o  t h e  industry. 
6.2 Demand Funct ions  and Op t ima l  P r i ces  for  Wood P r o d u c t s  
In Sec t ion  5, w e  assumed t h a t  t h e  e x t e r n a l  demand  f o r  wood products  is l imi ted  
by a n  (exogenous) upper  bound. However,  fo r  t h e  S tacke lbe rg  analysis  i t  is conve- 
n ient  t o  use  a demand  funct ion  wi th  c o n s t a n t  p r i ce  e l a s t i c i t y  
( f o r  e a c h  wood product  i) w h e r e  pi i s  t h e  price, k i  i s  a cons t an t ,  and  -bi i s  t h e  
p r i ce  e l a s t i c i t y  o f  demand.  We may a s sume  t h a t  bi is g r e a t e r  t han  1. 
D e n o t e  by p i  t h e  world m a r k e t  pr ice  which r e su l t s  in t h e  ( r e f e r e n c e  level)  of 
d e m a n d  zi. For  example ,  if di is t h e  c u r r e n t  (ex terna l )  demand,  t h e n  pi shal l  
r e f e r  t o  t h e .  c u r r e n t  price. Using pi a n d  ai w e  solve  for  ki. Subs t i tu t ing  i n t o  
(6.4) yields 
I n s e r t i n g  d = (di) f r o m  (6.5) i n to  (6.21, w e  c a n  so lve  t h e  (prof i t  maximizing) 
op t ima l  p r i ce  pr fo r  wood products. As a resu l t  w e  have  
6.3 T h e  P r o f i t  Maximizat ion P rob lem for  Fo res t ry  
In (6.6) w e  obta in  t h e  op t ima l  p r i ce  pr as a funct ion  of wood pr ice  z; in o t h e r  
words, pr = p$z). Thus, e x t e r n a l  (optimal)  demand  di i s  ac tua l ly  a funct ion  of 
w o o d  p r i c e  z. We shal l  d e n o t e  t h e  vec to r  of op t ima l  demand  quant i t ids  as a 
f u n c t i o n  o f  z by d(z). T h e  wood usage  y = y(z) corresponding t o  t h e  op t ima l  
wood product  pr ices  i s  t hen  given as a funct ion  of wood price: 
According t o  (5.11, t h e  wood avai labi l i ty f r o m  f o r e s t s  r e s t r i c t s  wood consumption 
as follows: 
We have  combined t h e  t w o  models, o n e  for  fo re s t ry  and  ano the r  o n e  fo r  indust- 
ry, t o  yield t h e  following opt imiza t ion  problem for  forestry:  
( 6 . 9 )  m a x  P F ( z )  = ( z  - e )  y ( z )  z 
subjec t  t o  
T h e  fo re s t ry  prof i t  maximizing wood pr ice  vec to r ,  deno ted  by z*, i s  t h e  (Stackel-  
berg)  equilibrium price. 
7 Equilibrium Solutions for Finland 
In th is  sec t ion  w e  sha l l  p re sen t  numer ica l  r e su l t s  for  t h e  S tacke lbe rg  g a m e  wi th  
F i n n i s h  da ta .  We will c a r r y  ou t  t h e  numerca l  tests using a model  dea l ing  with 
t w o  t i m b e r  a s s o r t m e n t s  (log and pulpwood) and  wi th  seven  wood products: sawn 
goods ,  panels, o t h e r  mechanica l  wood products ,  mechan ica l  pulp, chemica l  pulp, 
paper ,  and  conve r t ed  paper products. 
F o r  t h e  fo re s t ry  s e c t o r  w e  employ t h e  a l t e rna t ive  sus ta ined  yield solut ions deri- 
v e d  in S e c t i o n  3. T h e  set of sustained yield solut ions of F igu re  3 i s  used t o  
de f ine  t h e  cons t r a in t s  (6.10) defining t h e  convex polyhedral set of feas ib le  round 
wood yield. 
For the industr ial  model, w e  a s sume  demand funct ions  with pr ice  e l a s t i c i t y  coef -  
f i c i e n t s  bi=b being equal  for  e a c h  product.  According t o  t h e  r ep resen ta t ives  of 
the  Finnish f o r e s t  industry,  a reasonable  assumpt ion  concerning  t h e  value of b i s  
the  range be tween  1 0  and  30. However, sensi t ivi ty analysis  shall be  presented  for  
t h e  whole r ange  of 1 < b - < . 
Anothe r  highly sens i t ive  and uncer ta in  f igure  in t h e  analysis  i s  t h e  r e f e r e n c e  
level pi of t h e  world m a r k e t  price. Fo r  sensi t ivi ty analysis ,  t h r e e  pr ice  scenar ios  
were -cons t ruc t ed  f o r  e a c h  f o r e s t  product .  Scenar io  1: a n  op t imis t i c  world m a r k e t  
p r i c e  i s  def ined  as t o t a l  production c o s t  in Finland (including wood c o s t  at pre-  
sent pr ices  and a t e n  pe rcen t  r ea l  i n t e r e s t  on  t o t a l  inves ted  capital).  Scena r io  3: 
a peshistic pr ice  i s  defined r e f l ec t ing  such  production c o s t s  for  t h e  major  f u t u r e  
s u p p l i e r s  (such as North  Amer ican  and  La t in  Amer i can  producers)  in t h e  world 
market  111. Scenar io  2, a m o r e  likely scenar io ,  i s  t h e  a v e r a g e  of t h e  t w o  above. 
A c c o r d i n g  t o  our da t a ,  t h e  pr ice  in Scena r io  1 i s  higher  t han  in Scenar io  3 for  
e a c h  wood product  separa te ly .  
7.1 T h e  Single P roduc t  - Single T imber  Asso r tmen t  C a s e  
F o r  q u a l i t a t i v e  ana lys is  of t h e  model  w e  shal l  f i r s t  s tudy t h e  case of a single 
timber assor tment  a n d  a single product.  In t h i s  case, t h e  equilibrium c a n  ac tua l ly  
b e  solved analyt ical ly.  
Depending on  t h e  va lue  of b t h e  resu l t s  shal l  b e  s tud ied  in t w o  cases. We consi- 
der first the  case when b i s  smal l  a n d  when f o r e s t  land  i s  not  fully exploited. T o  
s o l v e  t h e  equil ibrium wood pr ice  z* w e  maximize  fo re s t ry  prof i t  as def ined  in 
Sec t ion  6.3. Taking i n t o  accoun t  (6.5) and  (6.6) a n d  omi t t i ng  cons t an t s  w e  h a v e  
The  equilibrium wood price z* f r o m  (7.1) i s  
N o t i c e  t h a t  z* i s  independent  of t h e  world m a r k e t  r e f e r e n c e  pr ice  p. I t  i s  a 
decreas ing  funct ion  of b, which asymptot ica l ly  approaches  wood production c o s t  e 
(harvest ing,  t r anspor t a t ion ,  e t c )  as b increases.  
Insert ing z* i n t o  (7.1) t h e  maximum fores t ry  prof i t  i s  
As fo r  industr ial  prof i t  given by (6.2), t h e  following fo rmula  resul t s  
Along wi th  b, f o r e s t  u t i l iza t ion  inc reases  unt i l  t h e  t o t a l  f o r e s t  land a r e a  i s  exp- 
loi ted.  In th i s  second case, when f o r e s t  land i s  fully exploi ted,  w e  so lve  t h e  
e q u i l i b r i u m  wood p r i ce  z* assuming t h a t  t h e  demand  f o r  round wood equals  t h e  
maximum supply. T h e  maximum product ion  i s  denoted  by d*. F r o m  (6.5) and  (6.6) 
w e  g e t  
Solving t h e  equil ibrium wood pr ice  z* f r o m  (7.5) r e su l t s  in 
In t h i s  case, t h e  equil ibrium p r i c e  z* i s  a concave  func t ion  of b which asymptot i -  
ca l ly  approaches  (p-c) ( t h e  uni t  prof i t  when wood c o s t  i s  omi t t ed )  as b increases .  
Insert ing (7.6) i n t o  (6.6) yields t h e  op t ima l  wood product  p r i ce  
which asymptot ica l ly  approaches  j5 ( t h e  world m a r k e t  price)  as b approaches  infi- 
nity. 
Using (7.4), (7.6), and  (7.7) t h e  indus t r ia l  prof i t  i s  defined as 
A s  b inc reases  t h e  equil ibrium p r i ce  z* asymptot ica l ly  approaches  a l eve l  absor-  
bing a l l  p ro f i t  of t h e  f o r e s t  s e c t o r  i n t o  wood price. 
As fo r  fo re s t ry  profi t ,  (6.3) gives us 
( 7 . 9 )  P F  = ( z *  - e )  d*  
which asymptot ica l ly  approaches  (p - c - e)d* ( t h e  maximum prof i t  of t h e  e n t i r e  
f o r e s t  s ec to r )  as b approaches  infinity. 
In F i g u r e  5 a  w e  present  t h e  equil ibrium p r i ce  z* of r a w  wood a s  a funct ion  of 
b. F i g u r e s  5b  and 5 c  show t h e  behavior  of fo re s t ry  prof i t  P F  and industr ial  
prof i t  P I  a s  funct ions  of b, respect ively.  
, Figure  5. Equilibrium pr ices  and prof i t s  a s  funct ion  of t h e  pr ice  e l a s t i c i t y  
coe f f i c i en t  b f o r  t h e  single product  - single t imber  a s so r tmen t  case. 
I , b  
a) The equilibrium price z*. 
Forestry 
profit PF 
b 
b )  The forestry profit P, 
Industrial 
profit PI T 
I I 
C )  The industrial profit PI 
7.2 T h e  Seven  P r o d u c t s  - T w o  T imber  Asso r tmen t s  C a s e  
F o r  e a c h  wood p r i c e  v e c t o r  z ,  t h e  profi t  maximiz ing  solut ion fo r  industry,  and  
the reby  wood demand  y(z), c a n  be exp re s sed  analyt ical ly.  Thus t h e  problem of 
determining t h e  equil ibr ium p r i c e  z* c a n  be  s t a t e d  a s  a n  expl ic i t  nonlinear  prog- 
r a m m i n g  problem (6.9) - (6.10) wi th  nonl inear i t ies  bo th  in t h e  ob j ec t ive  and in 
t h e  cons t ra in ts .  
We s h a l l  r ede f ine  t h e  var iab les  so t h a t  t h e  resu l t ing  problem has nonl inear i t ies  
only in t h e  objec t ive .  L e t  t h e  inverse  func t ion  of y(z)  be def ined  a s  
Substituting th i s  i n t o  (6.9) - (6.10) yields t h e  following problem with l inear  cons t -  
r a i n t s  
sub jec t  to 
F o r  m o d e r a t e  va lues  of b w e  c a n  so lve  t h i s  problem using s t anda rd  nonlinear  
programming codes.  T h e  MlNOS c o d e  131 was  employed  in t h i s  study. 
S i n c e  w e  only know g(y) through i t s  inverse  funct ion,  t h e  following p rocedure  
w a s  i m p l e m e n t e d  f o r  eva lua t ing  t h e  gradient :  (i)  Employing i t e r a t i v e  methods ,  
solve fo r  t h e  p r i ce  v e c t o r  z corresponding to  t h e  c u r r e n t  va lue  fo r  y; (ii) d e t e r -  
mine the J acob ian  m a t r i x  E(z) = (ayi(z) / 3 z j )  f o r  c u r r e n t  y and  z, and  finally, (iii) 
c a l c u l a t e  t h e  g rad i en t  as vy PF(y) = vz PF(z)  E - ~ ( z ) .  
F o r  l a rge  values of b, t h e  problem i s  i l lbehaved a n d  the reby  nonsolvable. Howe- 
v e r ,  f o r  b = m w e  ob ta in  t h e  equil ibr ium p r i ce  z* f r o m  t h e  dua l  solut ion of t h e  
following l i nea r  program maximizing joint p ro f i t  f o r  industry and  fo re s t ry  a s  fol- 
lows: 
Figure 6. Equilibrium round wood prices a s  functions of t h e  price elast ici ty 
coeff ic ient  b f o r  world marke t  pr ice  Scenarios 1-3. 
Equilibrium 
price of 
pulpwood 
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7 
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Scenario 1 
Scenario 2 
Scenario 3 
Scenario 1 
Scenario 2 
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b)  The equilibrium price for log 
( 7 . 1 3 )  m a x  ( p  - c - e U ) d  . 
d , ~  
sub jec t  t o  
Proposi t ion:  Assume problem (7.13-16) t o  be nondegenera te .  If $ i s  t h e  dual  
o p t i m a l  solut ion corresponding t o  cons t r a in t  (7.14), t h e n  z* = ev* i s  t h e  Stackel -  
be rg  equilibrium p r i ce  f o r  b = ol. . 
When  fo re s t ry  sets t h e  s tumpage  p r i ce  at p* and y - < y* ( t h e  op t ima l  wood 
consumpt ion)  i t  will maximize  i t s  earnings,  which, in t h i s  case, a r e  equa l  t o  t h e  
t o t a l  p r o f i t  for  t h e  e n t i r e  f o r e s t  sec tor .  - For  a proof of t h e  Proposi t ion,  see 
Appendix 2. 
In F i g u r e s  6 a  and 6b  w e  have  t h e  equilibrium wood pr ices  as funct ions  of t h e  
e l a s t i c i t y  p a r a m e t e r  b f o r  t h e  t h r e e  world marke t  p r i ce  scenarios.  
F i g u r e s  7 a  and 7b  show t h e  prof i t s  fo r  fores t ry  and f o r  industry at t h e  equilib- 
rium. For l a rge  values of b (ie b = ol. ), fores t ry ,  absorbs  t h e  t o t a l  prof i t  of t h e  
s e c t o r .  (No te  t h a t  t h e  necessary  r e t u r n  on cap i t a l  has  been  t aken  i n t o  accoun t  
as  a c o s t  f a c t o r  fo r  t h e  f o r e s t  industry. Z e r o  profi t  fo r  industry means ,  t he re fo -  
r e ,  t h a t  r e tu rn  on cap i t a l  equals  t h i s  minimum.) 
F o r  b = 10, 20, 30  and ol. , t h e  numer i ca l  resu l t s  have  been  given in Tab le  3. 
Figu re  7. Equilibrium p ro f i t  f o r  t h e  fo re s t ry  and t h e  industry a s  a func t ion  
of t h e  pr ice  e l a s t i c i t y  coe f f i c i en t  b f o r  world m a r k e t  p r i ce  Scena r io s  1-: 
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Table 3. Equilibrium prices for pulpwood and log as compare d to 
current prices when b equals 10, 20, 30 and m . 
Table 3a. The case of b = 10. 
b = 10 
Table 3b. The case of b = 20. 
Current 
Price 
($/m3) 
4 8 
38 
30 
15 
- 
Wood 
Price 
I Stumpage 
1 Price 
Log 
Pu 1 pwood 
Log 
Pu 1 pwood 
b = 20 
Table 3c. The case of b = 30. 
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Equilibrium Price ($/m3) 
Cur rent 
Price 
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Price 
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Price 
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17 
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Log 
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Log 
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b = 30 
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- --.I 
Equilibrium Price ($/m3) ; 
5 
l 1  I 3 6 ,  
Sce 1 Sce 2 
4 8 43 1 34 I 
Sce3 j 
j 
? 
25 : 
38 i 34 29 1 24 
i 30 26 16 I 1 
I 
15 I 12 3 7 i i 2 - I
I- - --. 
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Tab le  3d. The  case of b = = . 
G e n e r a l l y ,  w e  conclude  t h a t  t h e  c u r r e n t  p r i ce  leve ls  fo r  pulpwood and  log a r e  
much higher t h a n  t h e  equilibrium pr ices  resul t ing f r o m  our analysis. On t h e  o t h e r  
hand ,  t h e r e  a r e  subs tant ia l  d i f f e rences  b e t w e e n  pr ices  resul t ing f r o m  t h e  d i f fe-  
r e n t  p r i ce  scenarios. 
8 Summary and Conclusions 
In t h e  f i r s t  p a r t  of t h i s  paper  a (d i sc re t e  t ime)  dynamic  l inear  model  fo r  t h e  
forest  s e c t o r  was discussed. T h e  s t eady  state version of i t  was analyzed  in m o r e  
detail. An appl ica t ion  of t h e  s teady state fo re s t ry  model  was  ca r r i ed  o u t  fo r  t h e  
F i n n i s h  forests .  As  a resul t ,  a l t e r n a t i v e  sustained yield solut ions for  t h e  Finnish 
fo re s t ry  w e r e  obtained. 
In t h e  s e c o n d  p a r t  of t h e  paper,  a s teady state sec to r i a l  model  was adopted  t o  
c a r r y  o u t  a S tacke lbe rg  equilibrium analysis  for  t h e  round wood m a r k e t  of Fin- 
land. F u r t h e r  e labora t ion  was needed f o r  t h e  s teady state model  unt i l  i t  b e c a m e  
s u i t a b l e  fo r  th is  g a m e  t h e o r e t i c  analysis. This  e labora t ion  involved defini t ions of 
ob jec t ive  funct ions  for  t h e  fores t ry  and  fo r  t h e  industry. 
F o r  t h e  industr ial  model, a demand  funct ion  with a c o n s t a n t  p r i ce  e l a s t i c i t y  
c o e f f i c i e n t  b was chosen  fo r  e a c h  product.  A reasonable  assumpt ion  conserning 
t h e  v a l u e  of b i s  in t h e  range  be tween  10  and 30. If b i s  g r e a t e r  t h a n  30  w e  
p r i c e  ourselves o u t  of t h e  m a r k e t  with a 10 p e r c e n t  increase  in price. On t h e  
o t h e r  hand,  when b is under  10  t h e  demand i s  very rigid; in o t h e r  words, chan-  
g e s  in pr ice  d o  n o t  a f f e c t  demand,  which does  n o t  cor respond t o  t h e  p re sen t  
market s i tuat ion.  However,  sensi t ivi ty analysis  was ca r r i ed  o u t  on t h e  whole range  
of l < b L  - . T h e  o t h e r  highly uncer ta in  and sensi t ive f igu re  in t h e  analysis  is 
t h e  world m a r k e t  pr ice  (defined as sa les  pr ice  when b approaches  infinity).  F o r  
sens i t iv i ty  analysis,  t h r e e  p r i ce  scenar ios  w e r e  cons t ruc t ed  f o r  e a c h  f o r e s t  pro- 
duct  a s  follows: (1) An op t imis t i c  world marke t  p r i ce  i s  def ined  as t o t a l  product ion  
c o s t  in Finland (including wood c o s t  at present  pr ices  and  a t e n  p e r c e n t  r ea l  
interest on t o t a l  inves ted  capi ta l ) ,  (3) a pessimist ic  world m a r k e t  p r i ce  i s  defined 
as being roughly equa l  t o  t h e  production c o s t  of our major  f u t u r e  compe t i to r s  in 
t h e  w o r l d  m a r k e t ,  and  (2) a l ikely scena r io  which i s  t h e  a v e r a g e  of t h e  t w o  
above. 
As the  numer ica l  r e su l t s  p re sen ted  in Sec t ion  7 show t h e  c u r r e n t  p r i ce  levels  for  
pulpwood and log a r e  much higher t h a n  t h e  equilibrium pr ices  resul t ing f r o m  our 
ana lys i s .  On t h e  o t h e r  hand, t h e r e  a r e  subs tant ia l  d i f f e rences  be tween  pr ices  
r e s u l t i n g  f r o m  t h e  t h r e e  pr ice  scenar ios  fo r  t h e  world m a r k e t  pr ices  of wood 
products. 
APPENDIX 1. 
Proposi t ion:  For  a n  o p t i m a l  solut ion of t h e  f o r e s t r y  problem (F)  de f ined  on page  
6 t h e r e  i s  a n  a g e  g roup  A such t h a t  h(a) = 0, f o r  a l l  a f A, a n d  w(a) = 0, f o r  
a l l  a > A. 
P r o o f :  Clear ly ,  f o r  a n  o p t i m a l  solut ion w(1) = p > 0. L e t  a = A b e  t h e  sma l l e s t  
a g e  g r o u p  f o r  which w(A+l)  = 0. Then  h(A) > 0 a n d  w(a) = h(a)  = 0 f o r  a l l  a > 
A. To  show t h a t  h(a) = 0 f o r  a < A, w e  cons ider  t h e  op t ima l  bas i s  fo r  (F) 
pa r t i t i oned  as follows: 
p w(1)  w(2) .... w(A)  h(A)  other bacic variables 
Figure: An o p t i m a l  bas i s  ma t r ix  f o r  (F). 
Constraints (3.1 )-(3.3) 
for all a 5 A 
Other Constraints 
H e r e  B l  I is  s q u a r e  and  B21 = 0. Thus, B22 i s  nonsingular  and  the re fo re ,  h(a) is  
nonbasic  f o r  a < A.l l 
APPENDIX 2. 
Proposi t ion:  Assume problem (7.13-16) t o  be  nondegenera te .  If p* i s  t h e  dual  
op t ima l  solut ion corresponding t o  cons t r a in t  (7.14), t h e n  z* = e+p* is  t h e  Stackel -  
be rg  equil ibrium p r i ce  f o r  b = w . 
P r o o f :  Cons ide r  t h e  problem (G)  of  maximizing t h e  p r o f i t  f o r  t h e  e n t i r e  
f o r e s t  s e c t o r :  
(G.1) max (p  - c - eU)d 
(d, Y) 2 0 
sub jec t  t o  
* Let (d*, y ) be  t h e  op t ima l  p r ima l  solut ion f o r  (G), a n d  (p*, A*) t h e  o p t i m a l  dua l  
m u l t i p l i e r s  ( for  cons t r a in t s  (G.2) a n d  (G.3), respectively). L e t  E >  0 a n d  de f ine  a 
wocd price vector  Z(E) = e + ( l - ~ ) p * .  F o r  th is  wood pr ice  t h e  prof i t  maximiza t ion  
problem (I) of industry i s  t h e  following: 
(I. 1) max (p - c - z(c)U)d 
(d, y) 2 0 
sub jec t  t o  
O p t i m a l  p r ima l  and  dual  solut ions f o r  (I) a r e  denoted  by (d', y') and  (p', A '), 
respect ively.  
To prove t h e  proposition, w e  shall show t h a t  a n  op t ima l  solut ion (d', y') f o r  (I) is 
o p t i m a l  f o r  (G) as well, and  t h a t  t h e  prof i t  thereby obta ined  by fo re s t ry  c a n  be  
m a d e  arb i t ra r i ly  c lose  t o  t h e  op t ima l  prof i t  fo r  (G), t h e  prof i t  for  t h e  e n t i r e  
sector. T h e  l a t t e r  is achieved when E approaches  z e r o  corresponding t o  t h e  limi- 
t ing  wood pr ice  z(0) = e + p*. 
O n e  c a n  readily check  t h e  opt imal i ty  condit ions f o r  (I) and  observe  t h a t  t h e  
p r i m a l  a n d  d u a l  solut ions (d*, y*) and  ( & p*, E A*), respec t ive ly ,  a r e  op t ima l  fo r  
(I). Because of t h e  pr imal  n o n d e g e n e r a q  assumpt ion  fo r  (G), and  the reby  fo r  (I), 
t h e  d u a l  o p t i m a l  solut ion f o r  (I) i s  unique. T h e r e f o r e  (P I ,  h ') = ( * , A  * This 
together with t h e  opt imal i ty  condit ion f o r  (I) applied t o  t h e  pr imal  solut ion (dl,y') 
a n d  t h e  dual  solut ion (p', A'), imply t h e  opt imal i ty  condit ions of (G) f o r  (dl, y') 
a n d  (p*, A*), i e  a n  op t ima l  solut ion (d', y') fo r  (I) i s  op t ima l  fo r  (G) as well. 
F rom t h e  op t ima l  p ro f i t  (p - c - e ~ ) d *  of (G), a n  a m o u n t  of belongs t o  
t h e  industry,  and  th i s  s h a r e  approaches  z e r o  wi th  E . 1 1 
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